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Using eigenvalue methods for V&V !



Outline 

•  Preliminary remarks on V&V 

•  Eigenvalue edge code 2DX 

•  Verification examples 

•  Validation study example 

•  IDL built-in tools for eigenvalue solution 

•  Exercises for practice with eigenvalue methods 
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V&V = Verification and Validation 

Validation 
•  Is my model relevant to studied physical phenomena? 

–  Reliable experimental data? 
–  Correct analytic theory? 

Verification 
•  Is my model implemented correctly? 

–  Correct numerical procedure? 
–  No bugs in code implementation? 
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In many cases we cannot address validation before we have results 
from the model so verification comes first 



A lot can go wrong in numerical model development… 
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What can we do to verify a  
nonlinear time-evolution code like BOUT++? 

•  The code implements numerical solution of time-evolution equation 
which is a large, complicated, nonlinear function 

•  For verification, usual simplification step is linearization 

•  The time-evolution solution is the fastest-growing (or least damped) 
eigenmode of the matrix M 

•  Eigenvalue solution is a natural choice for independent cross-check of 
a time evolution code 5	
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2DX eigenvalue code* provides new capabilities for  
edge/SOL analysis!

•  Solves linearized eigenvalue problem in R-Z plane for each toroidal 
mode number n.!

•  Inputs actual magnetic divertor geometry for edge and SOL!
–  experimental or analytical input profiles of ne, Te, Ti and Er!

•  Uses a specialized equation parser to input an arbitrary fluid physics 
model!
–  ideal MHD, drift-resistive MHD, full 6-field fluid model etc.!

•  Sparse matrix package SLEPc enables high resolution!
•  Originally devised primarily as a linear benchmark tool for nonlinear 

codes!
•  Applications for analysis of experiments (QC-mode, edge marginal 

stability, density limit)!
•  2DX is a copyrighted code developed by Lodestar Research Corp. (in 

collaboration with LLNL) 
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2DX eigenvalue code* provides new capabilities for  
edge/SOL analysis!

•  Transform to field-following coordinates 
   (more efficient for field-aligned functions) 
 
 
 
•  Numerically solve for the envelope δΦf 
 
•  Periodicity invoked by phase-shift-periodic boundary condition 

•  Equivalent to BOUT/BOUT++ formulation for linear single toroidal 
mode BUT!
-  much more efficient (a few orders of magnitude)!
-  allows finding subdominant modes!
-  allows finding modes near specific complex ω	
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2DX eigenvalue code* provides new capabilities for  
edge/SOL analysis!

Magnetic geometry 
-EFIT 
-Corsica  
-analytic 

 
 
 
 
 
                 

2DX	
  kernel	
  

Plasma profiles 
-EFIT 
-Corsica  
-UEDGE 
-analytic 
 

Grid	
  file	
  

Discretize 
equations by FD, 
generate"
matrices A, B"
       

Physics model file 
(linearized time-evolution equations) 

γf=Mf 

Output: eigenvalues and eigenfunctions 
 

2DX	
  kernel	
  

Solve Ax=γBx	
  
using eigenvalue 
library SLEPc "



Large collection of verification test problems has been 
produced with 2DX for edge plasma community 

Each test problem has detailed description, cross-checked against other 
codes and asymptotic analytic solutions 
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Large collection of verification test problems has been 
produced with 2DX for edge plasma community 

Each test problem has detailed description, cross-checked against other 
codes and asymptotic analytic solutions 
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Using 2DX for verification: ELM benchmark 

11	
  

•  Model	
  equaSons	
   •  Geometry	
  descripSon	
  

•  Plasma	
  profiles	
  



Using 2DX for verification: ELM benchmark 
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2DX	
  each	
  data	
  point	
  ~0.1	
  CPU-­‐hour	
  
BOUT++	
  5,000	
  CPU-­‐hours	
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•  Dispersion	
  relaSon	
  
	
  	
  	
  	
  	
  	
  	
  (plots	
  and	
  tables)	
  



Using 2DX for verification: ELM benchmark 
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•  Grid	
  convergence	
  
studies	
  results	
  
(plots	
  and	
  tables)	
  



Using 2DX for validation:  
Understanding linear stability of C-Mod EDA plasma 

14	
  

From	
  Myra	
  et	
  al,	
  APS	
  2011	
  talk	
  



Using 2DX for validation:  
Understanding linear stability of C-Mod EDA plasma 
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Using 2DX for validation:  
Understanding linear stability of C-Mod EDA plasma 
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Ongoing development of new capabilities 
2DX è Arbiter 

•  Arbitrary Topology Equation Reader (ArbiTER)  

•  Target applications areas 
–  Full linear kinetic or gyrokinetic models.  
–  Non‐axisymmetric geometries (e.g., stellarators) 
–  Topologies beyond simple X‐point (e.g., snowflake divertors) 

•  New capabilities (under development) 
–  Multiple dimensions 
–  Arbitrary connectivity 
–  Variable number of dimensions 
–  Finite elements and unstructured grids 
–  Integrated parallelization 
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Using IDL built-in tools for eigenvalue analysis 
Case study: resistive drift instability 
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Nonlinear	
  eigenvalue	
  problem	
  for	
  ϕ(r)	
  
	
  
	
  	
  	
  	
  C2(r,ω)ϕ’’+C1(r,ω)ϕ’+C0(r,ω)ϕ=0	
  

è	
  

Can	
  be	
  solved	
  by	
  the	
  shooSng	
  method	
  

Linearized	
  equaSons	
  for	
  ni,	
  v||e,	
  Φ	
  
in	
  cylindrical	
  annular	
  geometry	
  	
  



Using IDL built-in tools for eigenvalue analysis 
Case study: resistive drift instability 
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Nonlinear	
  eigenvalue	
  problem	
  for	
  ϕ(r)	
  
	
  
	
  	
  	
  	
  C2(r,ω)ϕ’’+C1(r,ω)ϕ’+C0(r,ω)ϕ=0	
  

Scan	
  of	
  residual	
  Δ	
  in	
  complex	
  ω	
  plane	
  

ShooSng	
  method	
  in	
  a	
  acSon	
  



Using IDL built-in tools for eigenvalue analysis 
Case study: resistive drift instability 
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Nonlinear	
  eigenvalue	
  problem	
  for	
  ϕ(r)	
  
	
  
	
  	
  	
  	
  C2(r,ω)ϕ’’+C1(r,ω)ϕ’+C0(r,ω)ϕ=0	
  

è	
  
Linearized	
  equaSons	
  for	
  ni,	
  v||e,	
  Φ	
  
in	
  cylindrical	
  annular	
  geometry	
  	
  

Solve	
  it	
  as	
  a	
  3xN	
  size	
  linear	
  algebra	
  
eigenvalue	
  problem	
  
	
  
-­‐a	
  bit	
  more	
  programming	
  work	
  
	
  
BUT	
  
	
  
-­‐much	
  more	
  robust	
  procedure	
  
-­‐can	
  use	
  standard	
  packages	
  



Eigenvalue solution is used routinely  
to verify BOUT++ time-evolution results 
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Suggested exercises for practice with eigenvalue solution   

•  On hopper do: more ~umansky/BOUT_Workshop_2013/readme 

•  Copy to your area on hopper and experiment with 
–  shooting method example 
–  built-in eigenvalue solver example 

•  Experiment with the codes using instructions in README files 
•  Try to understand the code in both examples 
•  Implement (in IDL, Python, or MATLAB) your own solution and find 

eigenvalues and eigenmodes for 
     acoustic wave equations using 

–  shooting method 
–  built-in linear eigenvalue 
 solver routine 
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